THE STOCHASTIC HEAT EQUATION DRIVEN BY A 
GAUSSIAN NOISE: GERM MARKOV PROPERTY 



RALUCA BALAN* AND DOYOON KIM 

Abstract. Let u = {u(t, x); t £ [0, T], x e R d } be the process solution of the 
stochastic heat equation ut = Am + F, u(0, •) = driven by a Gaussian noise 
F, which is white in time and has spatial covariance induced by the kernel 
/. In this paper we prove that the process u is locally germ Markov, if / is 
the Bessel kernel of order a = 2k, k G N+, or / is the Riesz kernel of order 
a = 4k, k G N+. 



1. Introduction 

This article is based on the theory of stochastic partial differential equations 
(s.p.d.e.'s) initiated by John Walsh in 1986 [24]. This theory relies on the con- 
struction of a stochastic integral with respect to the so-called "worthy martingale 
measures" and focuses mainly on equations driven by a space-time white noise. 

Recently, there has been a considerable amount of interest in s.p.d.e.'s driven 
by a noise term which is white in time, but is "colored" in space, in the sense that 
it has a spatial covariance structure induced by a kernel /, which is the Fourier 
transform of a tempered distribution fi. This line of research was initiated in [15], 
[4] for the stochastic wave equation in the case d = 2, and then generalized in [3], 
[6] to a larger class of s.p.d.e.'s in arbitrary spatial dimensions. The new theory 
requires an extension of Walsh's stochastic integral, to include the case when the 
integrand is a (Schwartz) distribution; this type of extension is needed for instance 
for the stochastic wave equation with d > 3. Under a certain integrability condition 
imposed on the measure /x, one can prove that any second-order s.p.d.e. with 
constant coefficients has a process solution, i.e. a solution which can be identified 
with a multiparameter stochastic process u. As far as we know, the literature 
to date does not contain any study of the germ Markov property of this process 
solution. Such a study is of great importance because it allows us to conclude 
that the behavior of the process in any time-space region A is independent of its 
behavior outside the region, given the values of the process in a thin area around 
the boundary dA of the region. 
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There is an immense amount of literature dedicated to the study of different 
types of Markov properties for multiparameter processes (see [2] and the references 
therein). In particular, the germ Markov property of multiparameter Gaussian 
processes is an area which received a lot of attention in the 1970's, which allows 
for the use of various tools imported from Hilbert space analysis, like the method 
of the Reproducing Kernel Hilbert Space (RKHS). An excellent all-time reference 
is the monograph [20]; earlier references include [18], [14], [17]. 

In the 1990's, the problem of the germ Markov property for multi-dimensional 
Gaussian processes appears again in the literature, this time for processes which 
arise as solutions of s.p.d.e.'s driven by a white noise: the case of elliptic equations 
was thoroughly treated in [7], while the systematic study of this problem for the 
quasi-linear parabolic equations (in the case d = 1) is found in [16]. The case of 
hyperbolic equations turns out to be the most difficult one: the only reference here 
seems to be [5] , in which the authors investigate very carefully the structure of the 
germ a-fields induced by the process solution of the stochastic wave equation (in 
the case d = 2) driven by a Levy noise without Gaussian component. (This type 
of noise induces a very particular form for the process solution, which is used in a 
fundamental way for deriving its germ Markov property.) Finally, the more recent 
work [19] contains a detailed analysis of the relationship between the germ and 
sharp cr-fields (which are used for defining the sharp and germ Markov property, 
respectively), in the case of the process solution associated to the Bessel equation 
driven by a white noise (in the case d = 2). 

The goal of the present paper is to investigate the structure of the RKHS 
associated to the process solution u of the stochastic heat equation driven by a 
spatial covariance kernel /, and to identify some examples of functions / for which 
the process u possesses the germ Markov property. As far as we know, this is the 
first attempt to tackle a problem of this type in the literature. Our two main 
results (Theorem 4.9 and Theorem 4.15) state that the process solution u has 
the germ Markov property, if the function / is either the Bessel kernel of order 
a = 2k, k s N or the Ricsz kernel of order a = 4fc, k <E N. In order to prove these 
results, we use some results from the L p -theory of parabolic equations with mixed 
norms, due to [12], [13]. The germ Markov property of the process solution u in 
the case of the Bessel or Riesz kernels with a > arbitrary (or in the case of other 
kernel functions) remains an open problem. 

The paper is organized as follows. In Section 2, we introduce the framework 
for the study of s.p.d.e.'s, including the construction of the extended stochastic 
integral due to Dalang (as in [3]). In Section 3, we include all the ingredients which 
are necessary to formulate the result about the existence of the process solution 
u, and we examine the structure of the Gaussian space and the RKHS associated 
to this process. In Section 4, we give the definition of the germ Markov property 
and we prove our two main results, by applying a fundamental result of [14]. The 
two appendices contain some technical proofs. 

2. The Framework 

2.1. Basic Notation. We denote by T>(U) the space of all infinitely diffcrentiablc 
functions on R™ whose support is compact and contained in the open set U, and by 
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V'{U) the space of distributions, i.e. continuous linear functionals on V{U). We 
denote by <S(R") the Schwartz space of all rapidly decreasing functions on R™, and 
by iS'(R") the space of tempered distributions, i.e. continuous linear functionals on 
<S(R"). The space <S'(R") can be viewed as a subspace of V'(R n ). An important 
subspace of <S'(R") is the space 0' c (R n ) of all distributions with rapid decrease 
(see Chapter VII, section 5, [22]). 

For an arbitrary function <fi on R™, the translation by x is denoted with <j> x , i.e. 
4>x(y) = 4>{x + y), and the reflection by is denoted with (f>, i.e. 4>{x) — 4>(—x). 
These notions have obvious extensions to distributions. The Fourier transform 
of 4> G Li(R") is defined by Tcj>(£) = (2tt)-™/ 2 J Rn exp(-i£ • x)<p(x)dx. The map 
T : S(R n ) -> S(R n ) can be extended to L 2 (R") and S'{R n ). For every subset 
U C R", we denote 

(<P,i>)L 2 (u) = / <p{x)4>(x)dx, 
Ju 

whenever the integral is defined. 

2.2. The Gaussian Noise. Let T > and / be a locally integrable function on 
R d . As in [3], for every <p,ip e T>((0,T) x R d ) we define 

Jti^,^) = {fi^o = / / y{t,x)f(x -y)i/j(t,y)dydxdt. (2.1) 

JO JR d JR d 

The Gaussian noise mentioned in the Introduction will be a zero-mean Gaussian 
process with covariance Jf . The existence of this process is based on the following 
Bochncr-Schwartz type result (see Theorem 2, p. 157, [11]): 

Lemma 2.1. The bi-functional Jf is nonnegative- definite if and only if there exists 
a tempered measure on R d such that 

f{x) = [ e - J «Xd£), Vx e R d . 

In this case, for every tp, ip 6 D((0, T) x R d ) 

(<p,il>)o= [ [ Ftp(t,QFil>(t,£)n(dZ)dt, 
Jo JR d 

where Ty>{t, •) denotes the Fourier transform of ip(t, •)• 

The basic example of kernel functions is the white noise kernel: f(x) — S(x), 

rt<%) = 

More interesting examples of kernel functions / arise when /z(d£) = g(\<;\ 2 )d<;, 
for a certain function g on (0, oo). In this case, / becomes the inverse Fourier 
transform of the tempered distribution £ i— » ,g(|£| 2 ) and we can define the operator 
g(-A) : S(R d ) - S'(R d ) by T[g(-A)m) = ff(|C| 2 W(0. OT equivalently 

ff(-A)0 = * /. 

(see p. 149-152, [10], or p. 117-132, [23]). Here are some typical examples: 
Example 2.2. If /Lt(rf^) = then / is the Riesz kernel of order a: 

f(x) = R a (x):= la \x\- d+a , 0<a<d, 
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where 7 Q is an appropriate constant. In this case, for every <j> € <S(R d ) we have 
(_A)-«/ 2 = 0*i?c«- 

Example 2.3. If = (1 + |£| 2 r" /2 d£, then / is the Bessel kernel of order a: 

f{x) = B a {x) := C a / r («-d)/2-l e -r-|x| 2 /(4r) dT5 Q > Q> 

Jo 

where c a is an appropriate constant. In this case, for every <j> E S(R d ) we have 
(1 - A)~ a / 2 cf) = <fi* B a . 

Example 2.4. If f i(d£) = e -^ 2 "iei 2 ; then / is the heat kernel 

fix) = G a (x) := (4ira)- d / 2 e-^ 2 /( 4a \ a > 0. 

In this case, for every <j> E S(R d ) wc have e aA 4> — <fi*G a . 

In what follows, we let F = {F(ip):(p E 2?((0, T) xR d )} be a zero-mean Gaussian 
process with covariance J/, i.e. V</>, ?/> G 2?((0, T) x E d ) 

E{Fi<p)Fty)) = {<p,<4>) . (2.2) 

The Gaussian space i? F of the process F is defined as the closed linear subspace 
of L 2 (n), generated by the variables {F(ip), ip E D((0, T) x R d )}. 

2.3. The Stochastic Integral. In this subsection, we summarize the construc- 
tion of the generalized stochastic integral M{ip) — f Rd (p(t,x)M(dt,dx) with 
respect to the martingale measure M induced by the noise F, due to Dalang (see 
[3]). For our purposes, it is enough to consider only the case of deterministic 
integrands. Here is the construction procedure: 

Step 0. For each ip E X>((0, T) x R d ), wc set M{ip) = F(tp) E H F . 

Step 1. Let B b (R d ) be the class of all bounded Borel subsets of R d and £ {d) be 
the class of all linear combinations of functions l[o,t]xAi i 6 [0, T],Ae ). We 

endow £ ^ with the inner product (•, -}o given by formula (2.1) and we denote by 
|| • || o the corresponding norm. 

For each t E (0, T), A E B b (R d ), there exists a sequence {ip n } n C D((0, T) x R d ) 
such that ip n — > l[o.t]xA an d suppi/? n C if for all n (see [4], p. 190). By the 
bounded convergence theorem, \\ip n — l[o,t]x a||+ ~~ * 0, where || • || + is the norm 
defined in Step 2 below. Hence \\<p n — l[o.t]xAl|o — > and E(M(</? m ) — M((p n )) 2 = 
||Vm — Vnllo -^0asm,rn oo, i.e. the sequence {Af(<p„)} n is Cauchy in L2(^)- 
A standard argument shows that its limit does not depend on {tp n }n- We set 
M t (A) = M(l [0it ] xA ) =l 2 (Q) lim„M(^„) E H F . (Note that the process M = 
{MtiA);t E [0,T},A E B(R d )} is a worthy martingale measure, in the sense of 
[24].) We extend M by linearity to £^ d \ A limiting argument and relation (2.2) 
shows that, for every ip, %p € £^ 

E(M(^)M(V)) = ^,V)o. (2.3) 

Step 2. Let V ( + ] = {tp : [0,T] x R d -> R measurable; || ip ||+ < oo}, where 

IMI + :== JofwL<> Jr<i x )l/( a; — y)W{t,y)\dydxdt. We endow with the inner 
product (-,-)o given by formula (2.1) and we denote by || • ||o the corresponding 
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norm; note that || • ||o < || • || + . An argument similar to that used in the proof 
of Proposition 2.3, [24], shows that £^ is dense in with respect to || • || + , 
and hence for each ip G V+\ there exists a sequence {ip n } n C £^ such that 
\\tp n — ip\\ + — » 0. As in Step 1, we set M(ip) =L 2 (fi) lim„ M(ip n ) G H F . Note that 
relation (2.3) holds for every ip, ip G V^f 1 . 

Step 3. Let V^f 1 be the completion of £^ with respect to < •, • >o- The space 
Vff^ is the largest space of integrands ip for which we can define the stochastic 
integral M(ip). According to [3], p. 9, the space has the following alternative 
definition. 

Let V (d) = {ip : [0,T] S'(R d ); Ttp(t, •) functionVt G [0,T], h-> f(p(t,£) 

measurable, || <p || o < oo}, where \\ip\\l = J Q T J Rd \Ttp{t, ^)\ 2 ^(d^)dt. Let sff* = 

{if G V ( f;<p(t, •) G <S(lR d ), Vt G [0, T]} and 7$° be the closure of in with 
respect to || • || . Note that 

M)o = f T f F<p(t,®WfcO»(dOdt, <p,<peV { d \ 

Jo JR d 

For each ip G there exists a sequence {(/?„}„ C fg^ such that ||<^„ — <^|| — » 0. 
As in Step 1, we set M(</?) =L 2 (n) lim n M(<^„) G i? F . Note that relation (2.3) 
holds for every tp,tp G "Pq^, and hence 

<p i— > M(^>) is an isometry between "Pq^ and H F . (2.4) 

In summary, the previous construction is based on the diagram 

V({0, T) x R d ) G G Vf G G 7> (<i) 

U 
Sid) 

and the following 3 approximation techniques: 

• indicator functions can be approximated by functions in 2?((0, T) x R d ); 

• functions in 7-+^ can be approximated by indicator functions; 

• distributions in can be approximated by "smooth" functions in V+\ 
In particular, we conclude that T>((0,T) x M. d ) is dense in with respect to 

2.4. Alternative Characterization of the Space . As in [9], for every 
<p,tp G P(K d ), define 

(<p,i>)o, x ~ / ip{x)f{x-y)i){y)dydx= / 

and let "PqIc be the completion of X>(R d ) with respect to (•, -}o, x - Note that 

(<p,il>) = f (ip(t,-),^(t,-)) , x dt, V^G^ d) . (2.5) 
Jo 
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Remark 2.5. Note that for every ip G Pf>, ip(t, •) G V$. for a.c. t G [0, T\. Since 
£W is dense in "P^ one can prove that the map 1 1— > </?(i, •) is strongly measurable 
from [0,T] to P$. (in the sense of Dehnition on p.649, [8]). Using (2.5), we 

conclude that P ( d) C L 2 ((0,T),pg>) and |M| = \\<P\\ La((0 ,T),v™y ^ G ^ 

3. The Process Solution 

3.1. The Equation and its Solution. We consider the stochastic heat equation 
with vanishing initial conditions, written formally as: 

u t -Au = F, in(0,T)x]R d , u(0, •) = 0. (3.1) 

The solution of this equation is defined formally as follows. Suppose for the mo- 
ment that F is a random variable with values in l S'(M <i+1 ). For every fixed u> G fi, 
let {u(ip);p G X>((0,T) x R d )} be the distribution solution of (3.1). It is known 
that 

u(tp) = (G*F)(tp) = F(tp*G) (3.2) 
where G is the fundamental solution of the heat equation: 

(47rf)- d / 2 exp (-^f) tft>0,xeR d 
if t < 0, x G R d 



G(t,x) 



(Since G G C^Qf^ 4 " 1 ), we have ip *G £ S(R d+1 ) for every ip G P(K d+1 ) and the 
convolution G * F is well defined; sec Theorem XI, Chapter VII, [22].) 

Going back to our framework, we have the following lemma. 

Lemma 3.1. If 

J Rd TTW^ < °°' (3 - 3) 

then: (a) (G tx )~ G P (d) for every (t,x) G [0,T] x R d ; (b) ip * G G /or e^ery 

<^ g P((o,r) x m d ). 

Proof, (a) Set c/ tiX = (G tx ) . Note that g tx is measurable and ||fftx||+ = \\9tx\\o, 
since > 0. We have Tg t , x (s, £) = c d l t>s exp(-i£x - (t - s)|£| 2 ), where c d is an 
appropriate constant. Hence 

llffta|lo=/ / \Fgt, x (s,{i)\ 2 v(dOds<N(T) [ —L—^Koo, 
Jo JR d Jm d 1 + Isl 

where N(T) is a constant depending on T. 

(b) We apply Remark 4, [3] to the function ip = ip * G. For this we need to 
check that: (i) t *—> Ftp(t,^) is continuous V£ G R d ; (ii) there exists a nonncgative 
function k(t, £) which is square- integrable with respect to (ft x /u(<i£) such that 

|^(t,OI <fe(*,0.v*G [o,T],£eR d . 

(i) is clearly satisfied, and (ii) will follow from (3.3) once we prove that 

l^(*,OI< ==*(*, 0, Vt G [0, T], V£ G R d , (3.4) 
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where TV is a constant. Since (1 + \£,\ 2 )\Fij){t, x)\ = \T(j)(t,£)\ < -)llii(M«*) 
where = (1 — A)xp, relation (3.4) follows if we prove that \\<j)(t, -)llii(R d ) < N. 
Note that 

-<t> t - Acj) = (1 - A)ip in (0,T)xK d , <f>(T, x) = 0, 

since ip is the unique solution of: —ipt — Aip = <p in (0,T) x R d , ip(T,x) = 0. 
Thus 0(s, y) = J J Rd G(i — s,x — y)(l — A)ip(t, x) dx dt. From this we calculate 
\\4>{s, ■)IUi(m< 1 ) ; which turns out to be bounded (note that (1 — A)ip has a compact 
support in (0,T) x R d ). □ 

A consequence of Lemma 3.1.(b) is the fact that M(tp * G) is well-defined for 
every ip G T>((0,T) x R d ). By analogy with (3.2) (and using a slight abuse of 
terminology), we introduce the following definition: 

Definition 3.2. The process {u(ip); ip e T>((0, T) x R d )} defined by 

u{<p):=M(ip*G)= [ [If [ <p(t + s,x + y)G{s,y)dyds) M(dt,dx) 

JO JR d \JR + JR d J 

is called the distribution- valued solution of the stochastic heat equation (3.1), 
with vanishing initial conditions. 

Theorem 3.3 ([3], [6]). Let {u(ip); ip e X>((0, T) x R d )} be the distribution-valued 
solution of the stochastic heat equation (3.1). In order that there exists a jointly 
measurable process X = {X(t, x);t G [0, T],x £ R d } such that 

u(<p)= [ [ X(t,x)<p(t,x)dxdt y<p E T>((0,T) x R d ) a.s. 
Jo Ju d 

it is necessary and sufficient that (3.3) holds. In this case, X is a modification of 
the process u = {u(t, x); t £ [0, T], x G R d } defined by 

u(t,x):=M((G tx )~)= [ [ G(t-s,x-y)M(ds,dy). (3.5) 
Jo Jm d 

Definition 3.4. The process u = {u(t,x);t G [0,T],x G R d } defined by (3.5) is 
called the process solution of the stochastic heat equation (3.1), with vanishing 
initial conditions. 

Note that the process u is a zero-mean Gaussian process. In the present paper, 
we are interested in examining the germ Markov property of the process u. 

3.2. The Gaussian space. The Gaussian space H u of the process u is defined 
as the closed linear subspace of £2(^)7 generated by the variables {u(t, x),t G 
[0,T],ir G R d }. The next result shows that this space coincides with the space 
H F . 

Lemma 3.5. We have H u = H F . 

Proof, a) First, we prove that H u C H F . Recall that u(t,x) = M((G tx )~) and 
(G tx )~ S Vf> G V^ d \ by Lemma 3.1. (a). Since V((0,T) x R d ) is dense in 
with respect to || • || , there exists a sequence {(p n }n>i C 2?((0, T) x R d ) such that 
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\\<p n - {Gtx) 1 1 o -» 0. Hence E(M(p n ) - u(t,a;)) 2 -> 0. But M(ip n ) G if F for all 
n and therefore u(t,x) G if f . 

b) Let if? be the closed linear subspace of L 2 (0,), generated by the variables 
{u(r]),r] G V((0,T) x R d )}. To prove that H F C if?, let 95 G P((0,T) x M d ) be 
arbitrary and rj = -ip t - Aip e V((0,T) x M d ). Then ip = rj * G and F(y>) = 
M(v?) = M(jj * G) = u(r?) £ if?. 

c) Finally we prove that if? C if". Let 77 G P((0,T) x M d ) be arbitrary. 
Note that u{rj) — M(<p) where ip = rj * G. Let K be a compact set such that 
suppr/ C [0,T] x if. 

For each n > 1, let {Qm\m G Z} be a partition of (0, T) x R d such that 
each Qi"' = f?„^ x 5m\ where R$ is an interval in [0, T] and 5m"* is a cube 
in R d . Suppose that max meZ |<3m^| — > as n — > 00. For each Qm\ we choose 
itm , Xm G Qm' such that im' ) > t for all £ G R^} . We consider the Riemann 
sum: 

m£/„ 

where i„ = {m G > s,im G if}. Clearly ip n (s,y) — ► ip(s,y) for every 

(s,y). We claim that 

(3.6) 

From here, it follows that E(M((p„)—M((^)) 2 — ► 0. This concludes that proof, since 

<Pn = Emei„ a ^( G t^\x^ and heilCe M (^n) = Em£/„ a i"'«(*m ) ^ ) G 

where dm = |<3m^| ij(im',Sm')- The proof of (3.6) is given in Appendix A. □ 

3.3. TheRKHS. Let H u = {h Y ; h Y (t, x) = E(Yu(t, x)),Y G H u } be the RKHS 
of the process u, endowed with the inner product (h Y , h z )n u E(YZ), Y, Z G 
H u . Note that any function h G H u is continuous on [0, T] x R d and satisfies 
h(0, •) = 0. Moreover, H u is the closure of {R((t, x),- );{t,x) G [0, T] x R d } with 
respect to || • \\n u , where R((t,x),(s,y)) —¥.(u(t,x)u(s,y)). 
By Lemma 3.5 and (2.4), it follows that 

H u = {h(t,x) = E(M(p)u(t, x)); <p G V^ d) }. 

Moreover, if h(t,x) = E(M(ip)u(t, x)), g(t,x) = E(M(?7)u(t, a;)) with ^,77 G 7^ d) , 
then {h,g) U u = {<p,j]} . 

Let g t . x = (G tx ) ■ Using the fact that u(t, x) = M(g tx ) and (2.5), we get: 

h{t,x)=E(M(ip)u(t,x)) = (ip,g tx ) = [ f Ftp&OFgtAs,® m(<£) da. (3.7) 

JO JR d 

Lemma 3.6. Let h(t, x) = E(M(<p)u(t, x)), ip G V^ d) . For 77 G X>((0, T) x K d ) 7 fet 
(j) be a solution to the equation —<j) t — A</> — 77 in (0,T) x M. d , <f>(T, •) = 0. Then 

(M)l 2 ((0,T)xR*) = { l P,<P)o- 
in particular, for any 4> G 2?((0, T) x R d ), we have 

(h, -<f> t - A(f>) L2{{0 ^ T)xRd) = ((p, (f>) Q . 
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Proof. Using (3.7) and applying Fubini's theorem (since ip G gtx € V+ \ and 
X] has compact support), we get 

(M)L 2 ((0.T)xR d ) = / (^( s r),?7(s,-)}L 2 (R d )^ 
JO 



I / / Fgs,x{r,£)r)(s,x)dxds ^(d^dr. (3.8) 

Jr JR d 



Note that for every r G (0, T) and y G M d 

<j>(r, y) = / / G(s — r,x — y)rj(s,x) dxds. 

Jr JR d 

Hence 

T<j){r,C)= j / j r g s , x (r,£)r](s,x)dxds (3.9) 

Jr JR d 

From (3.8) and (3.9), wc conclude that 

(M)l 2 ((0,T)xM<*) = (<P,<l>)0 

(recall that <f> € "Pg^ by Lemma 3.1). This finishes the proof. □ 

4. The Germ Markov Property 

4.1. The Definition. Let 5 C [0,T] x R d be an arbitrary set. Let jFg be the 
cr-ficld generated by the variables {u(f, x); (t, x) G S*}, Kg be the closed linear 
subspacc of L 2 (fl) generated by the variables {u(t, x); (t,x) G S} 7 and JCg be the 
closed linear subspace of H u generated by the functions {R((t, x), ■ ); (t,x) G S}. 
Let 

Gs= n ?o> ru s= n ^s, n 

O open; ODS O open; ODS O open; ODS 

Definition 4.1. The process u = {u(t,x); (t,x) G [0,T] x R d } is locally germ 

Markov if for every relatively compact open set A C [0, T] x R d , and are 
conditionally independent given Qg A , where dA = Af)A c . 

Based on the fact that Qg — cr(Hg), one can prove that u is locally germ Markov 
if and only if for every open set A, H u = © {H-jf © ^8a) ( see Lemma 1.3, 
[14]), or cquivalcntly, using the isometry between H u and H u 

n u = H^®{H^en u dA ). (4.i) 

(Here ©, denote the usual operations on Hilbcrt subspaces: if H is a Hilbert 
space, S is a closed subspace and S 1 - is its orthogonal complement, then we write 
H = S © S 1 - and S ± = H Q S.) 

On the other hand, h(t, x) = (h, R((t, x), ■ ))n u f° r every h G TT . Hence 

supp hCB c if and only if h € {H U B )^ . (4.2) 



Based on (4.1) and (4.2), we have the following fundamental result. 
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Theorem 4.2 (Theorem 5.1, [14]). The Gaussian process u is locally germ Markov 
if and only if the following two conditions hold: 

(i) If h,g G H u are such that (supp h) (~l (supp g) = and supp h is compact, 
then < h,g >-H"— 0. 

(ii) If C = h + g G TL U , where h,g are such that (supp h) fl (supp g) = and 
supp /i is compact, then h,g G 

In the next two subsections, we will suppose that / is the Bessel kernel of order 
a > (Example 2.3), respectively the Riesz kernel of order < a < d (Example 
2.2). In both cases we must have a > d — 2, in order to have condition (3.3) 
satisfied. Our goal is to prove that conditions (i) and (ii) of Theorem 4.2 hold. 
For this, we will assume that a — 2k, k G N + in the case of the the Bessel kernel, 
respectively a — 4k, k G N + in the case of the Riesz kernel (and d = 4k + 1, since 
d- 2 < a < d). 

4.2. The Case of the Bessel Kernel. In this subsection we will assume that 
/ is the Bessel kernel, i.e. / = B a with a > max{0, d — 2}. 
In this case, = H~ a/2 (M. d ), where 

H^(R d ) = {<p€ S'(R d );T^ is a function, \\<p\\* = f |^(£)| 2 (l + |£| 2 ) 7 d£ < oo} 

denotes the fractional Sobolev space of index 7 G R (see e.g. [10], p. 191-192). 

By Remark 2.5, vf> G L 2 ((0, T), H~ a/2 (R d )). On the other hand, we have the 
denseness of £ jf^ in L 2 ((0,T),H- a/2 (R d )) (for a proof, one may see the proof of 
Theorem 3.10 in [12]). Thus V { Q d) = L 2 ((0, T), H~ a/2 (R d )) and 

IMIo - y\\ L2mT) , H r /2 (my v< ^ e v ° d) - 

For each t G [0, T], let (pi(t, •) := (1 — A)~ a / 2 tp(t, •) and note that the map ip 1— ► ip\ 
is an isometry between L 2 ((0, T), # 2 ~ a/2 (R d )) and L 2 ((0, T), H% /2 (R d )). 

Since ^i(i,0 = (1 + |^| 2 )" a/2 ^(i, 0- & is not difficult to see that: Mip G 
L 2 ((0,T),H- a/2 (R d )) 

(¥>i,0>L a ((o,T)xR««) = <¥>.0>o, V0GP((O,T) xR d ). (4.3) 

To investigate the relationship between /i and ipi, we need some general results 
from the L p -theory of parabolic equations. 

Recall that H$(M. d ) = L 2 (R d ), and H^(R d ) C H^' (R d ) if 7 > 7'. For every 
7,/3 G R, (1 - A) 7 / 2 is a unitary isomorphism between i/ 2 3 (R d ) and H^~ {R d ). 
In particular, (1 — A) 7 / 2 is a unitary isomorphism between If 2 (R d ) and L 2 (R d ). 
For every v G G V(R d ), we denote 

(«,0)= / [(1 - A)^ 2 v](x)[(l - A)-^/ 2 cf\{x)dx. 

JR d 

Note that, if v € i? 2 (R d ) and 7 > 0, then (u, 0) = (v, </>) L2(R d) for all G V(R d ). 
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Definition 4.3. If t ^ v(t, •) is a function from [0,T] to H](R d ), with 7 G M, wc 
say that w is a solution of 

dv = (Av + g)dt in (0, T) x R d , v(0, •) = 

if for any i G (0, T) and for any ip G X>(R d ), we have 

(v(t,-),i>)= f (v{8,-),A1>)d8+ f (g(s,-)^)ds. (4.4) 
Jo Jo 

We write v G H^ (T) if u xx G L 2 ((0, T), ^~ 2 (R d )), t>(0, •) = 0, and there exists 

.g £ L 2 ((0,T),ffr 2 ( Rd )) satisfying (4.4). By \\v\\ nla{T) we mean 

IMIwJ (T) = ll^|| L2 (( 0i T),i?J- 2 (Md)) + II5IIl 2 ((0,T),H2'- 2 (R''))- 

Remark 4.4. It is known that (4.4) implies that: Vt G (0,T), G 2?((0,T) x R d ) 

(«(*,■),#,•))= / («(*,■), (»/5t + A)^(s,-))d«+ / (g(s,-),<f>(s,-))ds 
Jo Jo 

(see e.g. Proposition 10, [9] for a stochastic version of this result). In particular, 
(4.4) implies that: V0 G P((0,T) x R d ) 

f T (v( S , •), (-9/^ - A)0(s, -))ds = / T (ff( S , •), 0(5, -))ds (4.5) 
Jo Jo 

(by taking t = T and using the fact that <j>{T, ■) = 0). 

Theorem 4.5 ([12], [13]). Given g G L 2 ((0,T), 7 £ I, tfeere exists a 
unique solution v G o 2 (T) t° the equation 

dv=(Av + g)dt m (0,T)xR d , v(0,-) = 0. 

Moreover, there exists a constant N ( independent of v) such that 

\M H -<+ 2 (T) ^ N \\9\\l 2 {(0,T),L 2 {^))- 

We now return to our framework. 

Theorem 4.6. Let h(t,x) = ¥,(M(<p)u(t, x)), where u is defined in (3.5) and 
tp G Pq^ . Set ipi = (1 — A)~ a / 2 ip. Then h is the unique solution in Ti.2^ +2 (T) to 
the equation 

dh = (Ah + tpi) dt m(0,T)xR d , h(0,-) = 0. (4.6) 

Proof. Recall that ^ G L 2 ({0, T), H% /2 (R d )). Thus by Theorem 4.5 there exists 
a unique solution v G q 2+2 (T) to the equation (4.6). 

We are now proving that h = v. This will follow once we prove that 

(M>Z, 2 ((0,T)xIR<i) = (V,V) L 2 ((0,T)xK<*), G 2?((0, T) X R d ). 

Let G T>((0,T) x R d ) be arbitrary and <j> be the unique solution of 

-4> t - Acj) = r] in(0,T)xR d , (j)(T,-)=0. 
By Lemma 3.6 and (4.3) 

C i >'?)L2((0,r)xr) = (fifyo = ( ( Pi,^)l 2 ((0,T)xR<')- 
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On the other hand, by (4.5) we have 

{ v , r l)L 2 {{0,T)xR d ) = ( ( Pl^)i 2 ((0,T)xI' i ) 

This concludes the proof. □ 
Corollary 4.7. If f is the Bessel kernel of order a, then 

and the norms in the two spaces are equivalent. 

Proof. From the argument at the beginning of subsection 3.3, for every h G H u , 
we have h(t,x) — EM(ip)u(t,x), where u is defined in (3.5) and ip G P^ d \ Then 
by Theorem 4.6, h G H% 2+2 (T). 

For v G H^ +2 {T), there is a l Pi G L 2 ((0, T), H° /2 (R d )) satisfying (4.4) with 
ipi in place of g. Then 

<p := (1 - A) Q /V G L 2 ((0,T),H- a/2 (R d )) = P {d) . 

Set h(t,x) = EM{y)u{t,x) G H u , then by Theorem 4.6 it follows that v = h, so 
veH u . 

Now notice that 

IWIW = IMIo = l^llL 2 ((0,T)^r /2 (K d )) = 11(1 ~ A ) _Q/2( ^IIl 2 ((0,T),^/ 2 (R-)) 

= \\ ( P 1 Wl 2 {(o,t),hZ /2 {r*)) - \\ h K^ 2+2 (Ty 
where ~ indicates the equivalence of the norms, which follows from the definition 
of the norm of H,^^ 2 {T) and the estimate in Theorem 4.5. This finishes the 
proof. □ 

Remark 4.8. Under the conditions of Theorem 4.6, we can also say that h is the 
unique solution in ^^((O,! 1 ) x R d ) of: 

h t = Ah + ip 1 in (0,T)xM d , /i(0, •) = 0. 

Here W 2 2 ((0, T) x R d ) is the space of all measurable functions v : (0, T) x R d -> M, 
such that the weak derivatives v t , v Xi , v XiXj exist and are in L 2 ((0,T) x R d ). 

We are now ready to prove the main result of this subsection. 

Theorem 4.9. Suppose that f is the Bessel kernel of order a = 2k, k G N + such 
that a > d — 2. Then the process solution u of the stochastic heat equation (3.1) 
with vanishing initial conditions is locally germ Markov. 

Proof. We need to verify conditions (i) and (ii) of Theorem 4.2. 

We first verify condition (i). Let h, g G H u are such that (supp fo)n(supp g) = 
and supp h is compact. We have to prove that (h,g)-nu = 0. We know that there 
exist tp,n G P^ d) such that h{t,x) = E(M(ip)u(t,x)) and g(t,x) = E(M(rj)u(t, x)). 
Then by Theorem 4.6 and Corollary 4.7 (also recall the definition of the norm of 

ni (T)), 

{h,g)n u = (^i.9)-H^+ 2 (T) = fixx, gxx) L 2 ({0,T),H 2 =(R d )) + ("Pli 7 ll)L 2 ({0,T),H 2 =(R d ))' 
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where ip\ = (1 — A) k ip and r/i = (1 — A) fe r/. Note that (see also Remark 4.8) 

supp h xx C supp ft,, supp ipi C supp ft. 
Similar inclusions hold for g and rji . Thus it is clear that 

\h X x, 9xx) L 2 ((0,T),ifJ(R d )) = (Vl) ? 7l}L 2 ((0,T),H 2 fc (E d )) = 0, 

from which we arrive at (ft, = 0. This finishes the proof of the condition (i). 

To prove the condition (ii), let Q — ft + g G H u , where ft and g are such that 
(supp ft) n (supp g) = and supp ft is compact. We have to prove that ft G TL U . 

Let x be an infinitely differentiable function such that \ = 1 on supp ft and 
X = on an open set containing supp g. By Corollary 4.7, it follows that ( G 
H^ 2 {T), and hence ft = xC G W^ 2 (T) = W u . The theorem is proved. □ 

4.3. The Case of the Riesz Kernel. In this subsection, we will assume that / 
is the Riesz kernel, i.e. / = R a with max{<i — 2, 0} < a = 4k < d, k G N+. 
According to [21], for any < < d/2 we can define the Riesz potential 

Let q — qd.fi > 2 be such that 1/q = 1/2 — 0/d. 

The space I 13 (L 2 (R d )) of all Riesz potentials has the following properties (see 
[21]): 

(1) lP(L 2 (R d )) C L q (R d ) and there exists a constant N > such that 

\\I <P\\ Lqm < N\\<P\\L 2m , for all <p e L 2 (K d ). 

(2) For every / G lP(L 2 (R d )), we define the Riesz derivative D' 5 / as 
linWjBf/ in L 2 (M d ), where 

(Df /)(x) = — L- / ^ffi <% (is independent of i), 

c d,l\P) J\y\>e Wl 

&yf = {I~ r y ) l f and ( Ty f){x) = f (x - y) . Then 

FW> f)(O=Ff(O\i;f, V/G5(M d ). 

(3) lP(L 2 (R d )) = {/ G L 9 (M d );D' 3 / exists and is in L 2 (R d )}. 

(4) W 3 is the left inverse of I in i 2 (R d ), i.e. W 3 (I^ip) = ip for all ip G L 2 (R d ). 

(5) £>(R d ) is dense in I f3 (L 2 (R d )) with respect to the norm ||/||i 9 ( K d) + 

\P fh 2m . 

In what follows, we will use these properties with = a/2 = 2k, where d — 2 < 
4k < d. We let q = q dAk > 2 be such that 1/q = 1/2 - 2k /d. 

Proposition 4.10. Let 2 < d/(2k) and 1/q = 1/2 - 2k/ d. If f G I 2k (L 2 (R d )), 
where k G N +) then 

T{V> 2k .f) = \£\ 2k Ff, 
where T f is an element in S'(M. d ). 
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Proof. First of all, \£,\ 2k J 7 f is wcll-dcfincd as an element of S' since |£| 2fe = (£ 2 + 
■ ■ ■ + £,d) k i s infinitely differentiable. 

Due to the fact that T>(R d ) is dense in I 2k (L 2 {R d )) , there exists a sequence 
{/„} C V(R d ) such that 

Wfn - /lk( R <*) + \\® 2k fn - B 2fc /llL 2(R -) - 0. 

Note that T (D 2fe /«) = \t\ 2k Ffn G S{R d ). Also note that 

(r(B 2k f n ) ,0) = (iei 2 ^/„,0) = (^/„, iei 2fe ^) 

= (z^- 1 (iei 2fe ^)) - (z,^-- 1 m 2k <t>)) = (iei 2 ^/» , 

where the convergence is possible because /„ — > / in This along with the 

fact that D 2fc /„ -» D 2fe / in L 2 (R d ) implies that 

J c '(D 2fe /) = \£,\ 2k Ff. 

□ 

Corollary 4.11. Let 2 < d/(2jfe) and l/q = 1/2 - 2fc/d. If f G I 2k (L 2 (R d )), 
where k E N + , then 

D 2k .f = (-A) k f. 

Proof. Note that 

(t (D 2fe /) , <t>) = {\e k Ff, <£) = (Tf, \e k j>) ■ 

On the other hand, 

(F{(-A) k f) ,0) = ((-A) fe /,^-V) = (/,(-A) fe ^-V) 

= (/,^- 1 (l^l 2 V)) = (^/,l^l 2 V). 

□ 

Lemma 4.12. Let 2 < d/2fc. T/iere exists a linear operator J : — > £<2((0, T) x 
]R d ) smc/i i/iai J is one-to-one and onto, and satisfies: 

Mt,x) = I 2k (<p(t,-))(x) 

/or any p G P((0,T) x 

Proof. For all v? 6 D((0, T) x set 

m = i 2k Mt, •)) ( X ) = Cd , k f * {t ^) dm 

jR d \ x — v\ 

where Cd.k is an appropriate constant. Denote ipo :— J{<p). We see that ipo(t,x) is 
measurable in (t,x) G (0,T) x K d . Since •) 6 S(R d ) for each fixed t 6 (0,T), 
we have 

in the sense that 

f <p (t,x)W)dx= f r<p(t,m\- 2k JW)dz, 

JR d JM d 

where <f> G 5(M d ). Also notice that, for a.c. t G (0,T), 

^(i,oier 2fe Gi 2 (K d ) 
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because ip e Vq (recall that a = 4fc), i.e., 

[ T [ i^,oier 2fe i 2 ^rft<oo. 

JO JR d 

Thus, for a.e. t 6 (0,T), as a function of x G M d , <po(*,aO G £2(R d ) and 

^(t,-)(o=^(*,oier 2fc - 

Thus 

II j (^)IIL((o,t)xr^ = / / |¥^(t,a:)| 2 da;<ft 

JO JR d 

= / T / i^(*,oi 2 ier 4fc #* = iMio- 

JO JR d 

From this and the fact that X>((0,T) x K d ) is dense in we extend J to all 

elements in Vff* . 

It is easy to see that J is linear as well as one-to-one. To prove the fact that J 
is onto, take ip G £ 2 ((0,T) x M d ). Also take a sequence {<£ „} C T>((0,T) x M d ) 
such that ip 0n -> p in L 2 ((0,T) x R d ). Let <p„ = (-A) k ip 0n . Then 

^n(*,0 = le| 2fc ^n(*,0 

[ [ \Fy n {t,C)\ 2 \ti\- Ak dtidt= [ [ \^ 0n \ 2 dtdt. 

JO JR d Jo Jw d 

Thus {<p n } is a Cauchy sequence in so there is a ip <E "Pq^ such that 
in To prove J(<^) = <po, we only need to prove that 

I 2k {p>n) = ^ „, 

which follows from 

T{l 2k {Vnj) =\Z\- 2k F<Pn- 

□ 

From the above result it follows that: 
Corollary 4.13. For ip, r\ e Pg^, Vo : = Av) anc ^ Vo '■= Jiv)- Then 

( l P,v)o = (PO,Vo)L 2 ((0,T)xR d )- 

Now we set 

¥>i(t, *) - I 2fe (^(t, •)) (a:) = c d , fc / ; Mt :!} 2k dy, 

jR d \ x y\ 

where ipo G i>2((0, T) x R d ). Notice that ipi is a measurable function of (t,x) <E 
(0,T) x R d . Since ^o(M) G ^2(K d ) for a.e. t G (0,T), 

^(t, •) G L 9 (R d ), 11^(4, OIU.cr-) < JVIIVoC*. OII^CR")' 
for a.e. t G (0, T), where 1/g = 1/2 - 2k/ d. This implies that 

GL 2 , g ((0,T) xM d ), 
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( r 2 V /2 

IIVl||l, 2 , 9 ((0,T)xRd) = [J lbl(t)-)|li 9 (iRd)d* j < N||<£ ||l 2 ((0,T)xR<*)- 

From the L p -theory of parabolic equations with mixed norms, there exists a 
unique function w e W^'^O, T) x M d ) satisfying 

w t -Aw = ipi, io(0, •) = (). (4.7) 

Lemma 4.14. Lei h(t,x) — KM(ip)u(t, x), where u is defined in (3.5). Let ipo = 
J(ip), ipi be a function defined as above, and w be the solution to (4.7). Then 

w = h. 

Proof. For r\ G £>((0,T) x R d ), find a function 0, a unique solution to 

-<fH - A<j> = rj, 0(T, •) = 0. 

Then by Lemma 3.6 

C 1 i'))l 2 ((0,T)xR'') = (<P)0)o 

and 

( w : 7 7)L 2 ((0,T)xR ti ) = ( w t - ^W» i2 (( 0iT ) xR d) = (yi, 0)L 2 ((O,T)xR d )- 

Find a sequence {^ „} C X>((0,T) x K d ) such that ip 0n -> ip in L 2 ((0,T) x K d ). 
Let ^ n = I 2k (ipo n ) and io n be the solution to (d/dt — A)w n = ip n and w n (0, ■) = 0. 
Then 

( w ,V)l 2 ((0,T)xR1) = B 1 ™ o K.1>i2((0,r)xl") = J™ o (V'n,0)L 2 ((O,r)xK d ) 

= lim (/ 2fc (^o„)»L 2 ((o,T)x R ^) = Hm / / ^„(t, OKI" 2 * 
On the other hand, 

(M)i2((o,T)xR<*) = (^^o = lim / / J"^„(t,0^(^^)ICr 4fe ^* 

«->00 Jjjd 



lim / / ^ n (t,o^(t,oi^r 2fc de*. 



where ip n = (—A) 2k ifo n . This finishes the proof. □ 
Now we prove the main result of this subsection. 

Theorem 4.15. Suppose that f is the Riesz kernel of order a — 4k, k e N+ and 

d = 4k + 1 . Then the process solution u of the stochastic heat equation (3.1) with 
vanishing initial conditions is locally germ Markov. 

Proof. Again we need to verify conditions (i) and (ii) in Theorem 4.2. 
We first verify condition (i). 

Let h(t,x) = KM(ip)u(t,x) and g(t,x) = EM(rj)u(t, x), where <p,r] £ such 
that supp/i n suppg = 0. We need to show that (<p, rj) = 0. Let ip = J((p) 
and tjq = J(rj), where J is the operator defined in Lemma 4.12. Also let tp± — 
I 2k {ip {t, •)) and = I 2k (r) {t, •)). For a.e. t G (0,T), we have 

Mt,x) = io> 2 Vi(*,z) = (-a)Vi, 
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where the second equality follows from Corollary 4.11. Let <f>(t, x) G 2?((0, T) x M. d ) 
such that (j)(t, x) = on supp^i- Then for a.e. t G (0, T), 

I <po(t, «)0(t, x) dx = / (fi(t, x)(— A) k (j)(t, x) dx. 

JM d J~R d 

Thus 

/ f (p (t,x)(fi(t,x)dxdt = f f tp 1 (t,x)(-A) k (f>(t,x)dxdt = 0. 

JO JR d JO J~R d 

This shows that suppi^o C supp^i. Similarly, we have suppr/ C supp?7i. Hence 
we have (fo,Vo) L 2 ((o.T)xm d ) = 0. This and Corollary 4.13 prove that 77)0 = 0. 
We now verify condition (ii). 

Assume that £ = h + g, where ((t,x) = EM (v)u(t , x) , supp /i fl supp <? = 0, and 
supp/i is compact. We have to prove that h G TT . 

Let x be an infinitely differentiable function defined on [0, T] x M. d such that 
0<x<Lx — Ion supp fi, and \ — in an (relative) open set containing supp v. 
ThenxC ^ hand he W^({0, T) x R d ). Let (d/dt-A)( = v u where v x = I 2k {v n ) 
and vo = J(v). Now we set 

<Pi-=X v u m : = (1 ~X) V U fo-=X v o- 
Since ip Q G L 2 ((0,T) x R d ) there exists a sequence {ip 0n } C V((0,T) x M d ) such 
that <p 0n ^ ip mL 2 ((0,T)xR d ). Let p„ = (-A)Vo„- Then <^„ G D((0, T) x M d ) 
and {<p„} is a Cauchy sequence in due to the fact that 

JVn(t,0 = K| 2fc ^O„(t,0- 

Let 9? be the limit in of <^„. Then J(<£>) = <^o- Now let ipi = I 2k (ipo) and 
h(t,x) = EM(ip)u(t,x). 

We now prove that h — h, which will imply that h G TL U . For this, it suffices 
to prove that ipi — (p\. By Lemma 4.14, we have (d/dt — A)h = ipi. Notice that 
v\ = tpi + rji and supp</?i n supp 771 = 0. Thus for a.e. t G (0, T), we have 

supp x (fi(t, •) nsupp x 77i(i, •) =0. 

Thus by Lemma B.l it follows that, for a.e. t G (0,T), 

BrV(t, ■) = ¥*>(*>■)■ 

We also have 

D 2 Vi(*,-) =^o(t,.) 

for a.e. t G (0,T). Since </?i(i, •) - <pi(t,-) G 7 2fe (L 2 (M d )) for a.e. t G (0,T), there 
exists a function /t(x) such that 

< P i{t,-)-0 1 {t,-)=I 2k {f t ) 

for a.e. i G (0, T). From the fact that D 2fe is the left inverse of the I 2k , we know 
that 

= n 2k (Mt, •) - fab •)) = D 2k i 2k (f t ) = / t . 

We also know that 7 2fe (0) = 0. Hence tpi(t,-) = <pi(t,-) for a.e. t G (0,T). 
Therefore, ipi — (p\ as elements in L 2i9 ((0,T) x The theorem is proved. □ 
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Appendix A. Proof of Relation (3.6) 

We need to prove that 



f [ |^„(«,0-^(«,OI 2 Mde)d*-0, 
Jo Jm. d 



as n — > oo. 



Note that F Vn (s,0 = £ ro£/n c d \Q^\ exp{-i£ • a&> - (i£> - s) }t 7 (*^ ) , a&>) 



converges pointwise to 



^ r (/3(s,^)= / / Cdexp{— i£ • x — (t — s)\!;\ 2 }r)(t, x) dxdt. 

Js JR d 

In order to apply the dominated convergence theorem, we need to prove that there 
exists a function 'J, which is square-integrable with respect to ds x such that 

\Ftp n {s,0\ < Let N be a constant such that \r]\ < N. Then 

i^ n (*,oi< E c d \Q^ V (t%\x^)\eMH& ~ -m 2 } 

m£l n 

< V c d N\Q^\e-^ } -^ 2 < [ T [ c d Ne-^- s ^ 2 dxdt 

1 _ e (s-T)\t\ 2 

< c d N\K'\(T - s)l m<1 +c d N\K'\ — 2 l k |>! := *(*,£), 

where K' is a compact set containing K, and the third inequality above is due to 



integrable with respect to ds x n(d£). This concludes the proof of (3.6). 



the fact that l_ ( „)(f,x)e-(*™ s)l «! < (t, aOe"^" 8 )^ . Clearly * is square- 



Appendix B. An Auxiliary Lemma 

The following technical result was used in the proof of Theorem 4.15 for the 
verification of condition (ii). 



Lemma B.l. Let 2 < d/2k and l/q = 1/2 - 2k/ d. Assume that k £ I 2k (L 2 ( 
and k = (i + v, where \i, v 6 L q (R d ), supp^i n suppv = %, and supp\i is compact. 
Then 

H £ I 2k (L 2 (R d )), D 2 V = x© 2 ^, 

where x * s an infinitely differ entiable function such that 0<x<l 7 x=lon 
suppii, and \ = in an open set containing suppv. 

Proof. Since k G I 2k (L 2 (R d )), we have 



C (d,i,2k) j lzl>£ i^r- 



\d+2k 



Note that B 2k K e L 2 {R d ) (see Proposition 2.4 in [1]). Let 
A2fe 1 f ( Al z K )( x ) , 
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Since A 2fe « = B 2k n - D 2k n, we have k 2k n G L 2 (R d ). Moreover, 

M k K -A 2k K= i ( A ' dz = D 2k n - U) 2k K. 



<|z|<£ 2 \ Z \ 



Form this and the fact that B 2k K is Cauchy in L 2 (R d ), it follows that {A 2k n} is 
a Cauchy sequence in L 2 (R d ). Consider O 2fe (x«0, which is well-defined because 
X k G Note that 

(A^X«) (35) 



and 

Af( X «) = xAf« (B.l) 
for a sufficiently small £q > 0. The proof of (B.l) is stated below. Also note that 



Kf ( X k) G L 2 (R d ), [ { -^P-d: I . 

J\Z\>£ \ Z \ 



where the latter follows from the fact that x K £ L 2 (R d ) (x has a compact support 
and 2 < q). In addition, A 2k K approaches a function in L 2 (R d ) as e \ 0. Thus 
D 2fe (x«) converges a function in L 2 (R d ). This shows that (j, = x« G I 2fe (L 2 (M d )). 
To prove D 2fe /i = xD 2fe K, we can just use Corollary 4.11. 

Let us prove (B.l) as follows. For each x G supp^i, find 5 X > such that 
^x) H supp^ = 0. Consider 

{B(x,6 x /5) : x G supp,u}. 

Since supp /U is compact, we have a finite subset {a^ : i G /} C supp \x such that 

supp^i. 

Let 

Oi :=\jB(xi,5 Xi /4), 2 :=\jB(xi,S Xi /3), 3 := |J B(x it 8 X J2). 
iei iei iei 

Then 

OiDsupp^i, i = 1,2,3 

and 

Oi n supp = 0, z = l,2,3. 

We may assume that x = 1 °n 2 and x = on Og. We also assume that 
£0 < 5/ (20Z), where 6 = min ie / S Xi . By definition we have 



Af (yn) (x) = - I v : dz 

e<\z\<e \A d+2k 



(X«) (x) = - j 
= 1 f Dun)*' --':> 



,..|d+2fe 

'£< 2 <Eo 



Let x G 0i, i.e. a; G B(xi,6 Xi /4). Then 

|a;i - (a: - fcz)| < |x, - o;| + M < S X J4 + 15/ {201) 
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<S X JA + 6 X J12 = 5 X J3. 

Thus x — kz G O2. This shows that x( x ~ = 1 an d 

Af ( X «) (a;) = X {x)kf k(x), xgOi. 

Now let x € Of. Then for every x,, i G /, 

|xj — (x — fcz)| > |xj — x| — i|,z| 

> 5 Xi /4 - 15/(201) > 5 Xi /A - 5 Xi /2Q = 6 xt /5. 

This implies that x — kz £ supp^i. In that case we have 

x(x — kz)n(x — kz) = 

because k(x — kz) = in case \(x — kz) > 0. Thus A^ k (x K ) ( x ) = 0- In addition, 
X(x)A;Pk(x) = (recall that x G Of and x — kz supp^i) because k(x — kz) = 
in case x(x) > 0. Indeed, if x G O3 \ 0\ , then there exists Xj, j G /, such that 
x G B(xj,5 Xj /2). Then 

Xj — (x — fcz)| < |xj — x| + l\z\ < S Xj . 

Thus by the choice of 8 Xj it follows that x — kz^ supp v, that is, n(x — kz) — Q. □ 
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